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Abstract

In this Paper we have introduced a Fekete-Szeg6 inequality with classes of analytic functions
along with its subclasses extremals and Singularities by using principle of subordination and as
so obtained sharp upper Bound of the function.

f(z) = z+ Y,_, a, z" belonging to these classes are also obtained.
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1. Introduction

Let A denotes the class of the function of the form
f(2)=z+ Y, ,a,z" Q)
Which are analytic function in the unitdisc E = {z: |z| < 1|},

Let § be the class of the functions of the form (1) which are analytic univalent in [E. Bieber
Bach[8] proved that |a,| < 2 for the functions f(z) €S. And Lowner[5] proved that |az| < 3
for the functions f(z) eS.. With the known estimates this inequality plays an important role to
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determining estimates of higher coefficients for some sub classes of §. {Chhichra[11],
Babalola[6]}.

Using Lowner’s method[5], Fekete and szego investigated a well known relation between az
and a3 for the class

laz — pasz| <
3 —4u ,ifuso
(=)
1+ 2e\l-n ,ifo<pu<l1 (2)
4p— 3 Jif =1

The Fekete—Szeg6 inequality is an inequality for the coefficients of univalent analytic
functions found by Fekete and Szeg6[10] , related to the Bieberbach conjecture. Finding similar
estimates for other classes of functions is called the Fekete—Szeg6 problem.

Let S* be the subclass of § of univalent convex functions h(z) = z + },,._, ¢, 2" € A satisfying
the condition

Re ((zh/ (2))

e >0,z€L.
@)
We are aware that a function f(z) € A is said to be close to convex if there exist g(z) e S"such
that
Re{T @), 4)
9(2) ’

Kaplan[18] proved that close to convex functions are univalent.

. _ (zf'@) | 1+Az
S (AB)={f(2)eA; 9(2) < 1+Bz

,—1<B<A<1,z€cE} (5)

Where S™ (A,B) is a subclass of S”.

Fekete-Szeg0 problem was studied by Abedel-Gawad[4] in the context of alpha quasi-convex
function. Goel and Mehrok[13], Al-Shagsi and Darus[1], Hayami and Owa[17], Al-Abbadi and

Darus[9] have investigated the upper bound of |a3 — pa |for different functions in the class S.
And Gurmeet singh et al.[3] also introduced the class of inverse Starlike functions

g(z) = z+ Y-, b,z™ € A which satisfies

zf(2) . zf(2) 1+z
A BN M e 12
Re (2 fff@dz) 0,z€E le. 2[ f(@dz  1-z
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Gandhi et al.[11]and Rathore et al.[2]established a new class of analytic functions with Fekete-
szego inequality using subordination method.

We introduce the class A(a, B) of functionsg(z) = z + X.;-, b, z" € A with

satisfying the condition

{ {z{zf (z)} {zf (z)} 1+z)

X '@ (2 1-z

(6)

Let A(a, B; A, B)denotes the subclass of A(a, B) consisting of the functions g(z) = z +
Y2 bpz™ € A satisfying the condition

X

Lltral} || o]
F'@ fra@ 1

()
Let A(a, B; 6)denotes the subclass of A (e, B) consisting of the functions g(z) = z +

Ym=2 bpz" € A with satisfying the condition

{ {Z{Zf (Z)} {zf (z)} 1+z))‘ CoA>
f'(@ f'(2) 1 z ’

X
0 (8)
Let A(a, B; A, B, §) denotes the subclass of A(a, B) consisting of the functions g(z) = z +
Ym=2 bpz" € A with satisfying the condition

{ {Z{Zf (Z)} {zf (z)} 1+Az))L
f' (2 f'(2) 1+Bz

X —1<B<A<1,A>

0 (9)
Here, Symbol < stands for subordination.

Principle of Subordination : If f(z) and F(z) are two functions which are analytic in E, then
f(2) is called a subordinate to F(z) in E, if there exists a function w(z) which is analytic in E
satisfying the conditions

() w(0) =0 and (i) [w(2)| < 1

such that f(z) = F(w(z)) ,where ze E and we denote it as f(z) < F(z). Let U denote the
class of analytic bounded functions of the form
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w(z) = Yo 1dpz",w(0) =0,|lw(z)| <1
Having the restrictions|d4| < 1,|dy| < 1 — |d4|?.

2. Main Results

THEOREM 1. : Prove that

lag — pagls
4(7x+y+2)  p . 4(7x+y)
| 3(a7x+2y)(7x+y)  (7x+y)? Jifus 3(17x+2y) (10)
2 . 4(7x+y) 4(7x+y+1)(7x+y)
3(17x+2y) ! f3(17x+2y) sSus 3(17x+2y) (11)
u _ 4(7x+y+2) 4(7x+y+1)(7x+y)
k (7x+y)2  3(17x+2y)(7x+y) g lf - 3(17x+2y) (12)

the results aresharp.
Proof:
On Expanding (6) we have

x+y+2(7x + y)a,z + (51xaz + 6ya; — 28xa? — 4ya3)z? <1+ 2c,z + 2(cy + ¢2)z?

(13)

After identifying the terms in (13), we have

las — a2|<|;{2c 422 4 2 }— ci
3 Hazl< (51x+6Yy) 2 1 (7x+y) (7x+y)?
This leads to

_ 2 2(7x+y+2) _ u _ 2 ] 5
las = w2l <37y [|3(17x+2y)(7x+y) reorl bererrrerst LGt (1)
Case | :when , p < 2Zxtrt20x+y)

3(17x+2y)

_ 2 2 2(7x+y+2) _ 2 } _ u ] 2
las — naz| =3(17x+2y) [{3(17X+2y)(7x+y) 3(17x+2y))  (7x+y)? lcal

a2 2 4 __u ] 2
las — naz| < 3(17x+2y) + |[3(17X+2y)(7x+y) (7x+y)2 lcal (15)
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4(7x+y)

Subcase I(a) : when, p < 3(17x+2y)

|a _ P-azl B 4(7x+y+1) _ 7
3 2 = 3(17x+2y)(7x+y)  (7x+y)?

(16)

4(7x+y)

Subcase I(b) : when, p > 3(17x+2y)

las — pa3| < =——

= 3(17x+2y) an

2(7x+y+2)(7x+y)

Case Il :when, p > 3(17x+2y)

(7x+y)2  3(17x+2y)(7x+y) (18)

_ 2 2 [ u 4(7x+y+1) ”
las — naz|< 3(17x+2y) T

4(7x+y+1)(7x+y)

Subcase 11(a) : when, p < 3(17%+2y)

2

— 2=
jas — na3|< 3

xX+2y) (19

4(7x+y+1)(7x+y)

Subcase I1(b) : when, p > 3(17x+2y)

u 4(7x+y+2)

p— 2 -
las — naszl< (7x+y)?  3(17x+2y)(7x+y) "

Combining subcase 1l(a) and subcase 1(b), we get

— na?le—2
|as — nazs 3(17x+2y) @

iff

34(?2{:;;) <p< 4(7x+y+1)(7x+y)
y) 3(17x+2y)

Extremal function

Extreme value for first and third function is z{1 + pz}4

(51x+6y)—4(7x+y)(7x+y+2) (51x+6y)
(51x+6Yy)(7x+y) and q= (51x+6y)—4(7x+y)(7x+y+2)

where p =

Extreme value for second function is

zZ
(1-z2)p

2

where p = m
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THEOREM 2. : Prove that

las — pagl<
A-B (A—B)—B(7x+y)] . (A-B)?pu if <4 [(A—B)—B(7x+y)—7x—y
( Gixroy) L (7x+y) a(7xry2 YRS (A—B)(51x+6y)
(A-B)-B(7x+y)-7x-y (A-B)-B(7x+y)+7x+y
4| (51x+6y) [ (A-B)(51x+6y) ] (7x T y) sSus 4 [ (A-B)(51x+6y)

k (A-B)?pu A-B [(A—B)—B(7x+y)

- (7x+y)

[(A—B)—B(7x+y)+7x+y
4(7x+y)2  (51x+6y)

] vifuz4 (A-B)(51x+6Y)
the results are  sharp.
Proof:

On Expanding (7) we have

x+y+2(7x + y)a,z + (51xa; + 6ya; — 28xa? — 4ya3)z?> < 1+(A—B)c,;z +

(A—B)(c, — BcH)z?% +....
(25)

After identifying the terms in (25), we have

_ (A-B)(c2—Bcy) (4-B)?c _ (4-B)’n 2
|a3 Haz |S[ (51x+6y) (51x+6y)(7x+y)  4(7x+y)? ] |C1|
This leads to
las — a2| A-B [ (A-B)? _ B(4-B) (A-B)?u ]| |2
3 Haz S(51X+6y) (51x+6y)(7x+y)  (51x+6y)  4(7x+y)? (51X+6y) !

(A-B)-B(7x+y)

Case |l :when, p<4 [(A_B)(51x+6y)

](7x+y)

|as | ” A-B {(A—B)—B(7x+y)—7x—y}_ (A-B)?u
— Haz —(51x+6y) (51x+6y) (7x+y) 4(7x+y)?

J1eal?

(A-B)-B(7x+y)-7x-y
(A-B)(51x+6y)

Subcase I(a) : when, u <4 [ ] (7x +y)

A-B (A—B)—B(7x+y)] _ (A-B)?u

2
a; — ua
| 3 Haz |S (51x+6Yy) (7x+y) 4(7x+y)?

(A-B)-B(7x+y)-7x-y
(A-B)(51x+6y)

Subcase I(b) : when, p > 4[ ] (7x +y)

A-B

— 2272
|a3 Haz |S (51x+6y)
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] (7Tx +y) (22)
| 7x+y) (23)

] (7x+vy) (24)

(26)

(27)

(28)

(29)
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. (A-B)-B(7x+Yy)
Case Il :when, u =>4 A—BYSLRt6r). (51X+6y)] (7x + )
2 A-B  [|(A-B)*u __A-B (A-B)-B(7x+y)+7x+y 2
|a3 ua2| = (51x+6y) I [|4(7x+y)2 (51x+6y) { (7x+y) }” ICll (30)

(A-B)-B(7x+y)+7x+y
(A-B)(51x+6y)

Subcase 11(a) : when, p < 4 ] (7x +y)

A-B

—ug?|.—4=32

|as — el <o (31)
Subcase 11(b) : when, p > 4 [(A_B)_B(7x+y)+7x+y] (7x + y)

)  H= (A-B)(51x+6Y) y
_ 2 (A-B¥?p  A-B  [(A-B)-B(7x+y)
|a3 Haz | S4(7x+y)2 (51x+6y) (7x+y) (32)
Combining subcase 1l(a) and subcase 1(b), we get
2 A-B

|a3 ua; | < (51x+6Y) (33)

iff,

l(A—B)—B(7x+y)—7x—y

(A — B)(51x + 6y) l(7x+y) <u
(A-B)-BUx+y)+7x+y

=4 (4— B)(51x + 6y) l(7x+y)

Extremal function

Extreme value for first and third function is
{1+ pz}1

(A-B)(51x+6y)—8(A—B)(7x+y)+8B(7x+y)?
2(51x+6y)(7x+y)

where p =

_ (A-B)(51x+6y)
" (4-B)(51x+6y)—8(A—B)(7x+Y)+8B(7x+y)2

q

Extreme value for second function is ———
(1-z2)P

A-B

where p = m
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Singularities:

Special cases on (33) when A#B

i) If A> 0,B > 0 then this inequality is holds only for A>B.

i) If A> 0, B < 0 then this inequality is holds for all values of A and B.
ii)If A< 0,B < 0 then this inequality is holds only for B>A.

iv) If A< 0,B > 0 then this case does not valid.

THEOREM 3. : Prove that

las — paj|<
20(7x+y+24) A2 . 4(7x+y)
| Gixtoy)Txty) ~ HTxrr)? e (34)
A . 4(7x+y) 4(7x+y+1)(7x+y)
3(4x+y) ! lff (51x+6y) Sks A(51x+6y) (35)
yE _22(7x+y+24) 4(7x+y+1)(7x+y)
Har?  Giaentrey TR 2™ ZGeixrey (36)

the results are  sharp.
Proof:
On Eppanding (8) we have

x+y+2(7x + y)a,z + (51xa; + 6ya; — 28xas — 4ya3)z? <1+ 2Aciz + 2A(c, +
Ac2)z2+...

(37)

After identifying the terms in (37), we have

_ 2 1 2.2 412C% _ AZC%
|a3 ua2| S|(51X+6y) {ZACZ + 24 o+ (7x+y)} (7x+y)?
This leads to
2 22 2A(7x+y+24) A? _ 22 P
las — naz| = (51x+6y) + [|(51X+6y)(7x+y) K xiy2 (51x+6y)] lcal (38)
. 2(7x+y+20)(7x+y)
Case |l :when, p < A5 1xt6y)
a5 = 10| < Gy + [ Grrenarry ~ Hamgrl | 161l (39)
3 2 = (51x+6y) (51x+6y)(7x+y) (7x+y)? 1
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4(7x+y)

Subcase I(a) : when, p < (51x+6)

2| [21(7x+y+21) yE ]
< _

|a3 — Haz (51x+6y)(7x+y) H (7x+y)? (40)

4(7x+y)

Subcase I(b) : when, p = (51x+6Y)

21
las — pa3| <
(51x+6y)

(4D

2(7x+y+20)(7x+y)

Case Il :when, p > A51xt6y)

_ ) 221 [ 212 42(7x+y+2) ] 2
las — naz| < (51x+6y) T H ooy (51x+6y)(7x+y) e

4(7x+y+A1)(7x+y)
A(51x+6y)

Subcase I1(a) : when, u < (42)

A
las — pa2| <—

=~ (51x+6y) (43)

4(7x+y+1)(7x+y)
A(51x+6y)

Subcase 11(b) : when, pu >

yE 2A(7x+y+22)

a2 _
las = Wa3l <H 7o ~ Ginrey)xiy) (44)

Combining subcase 1l(a) and subcase 1(b), we get

21
las — paj| <———
(51x+6y)

(45)

iff (4;(17xx-|-_l-6y) <p< 4(7x+y+1)(Tx+y)
) A(51x + 6y)

Extremal function

Extreme value for first and third function is z{1 + pz}4 (46)

A(51x+6y)—4(7x+y)(7x+y+2) A(51x+6y)
(51x+6y)(7x+y) and q= A(51x+6y)—4(7x+y)(7x+y+2)

where p =

Extreme value for second function is (47)

_z
(1-z2)p

22

where p = —(51x+6y)

Volume 11, Issue 3, MARCH - 2021 http:/www.journaleca.com/  Page No: 9



JOURNAL OF ENGINEERING, COMPUTING & ARCHITECTURE ISSN NO:1934-719710

Singularities:
Special cases on (45)

1. If A > 0 then the result is hold for all values of 1.
2. If A < Othen the result is not valid.

Hence only (1) case is applicable on this theorem.

THEOREM 4. : Prove that

las — Ha%k
( (A-B)A [(A-B)A-B(7x+y)| _ (A-B)?uA? . (A-B)A-B(7x+y)-7x-y
| Gixtey) (7x+) 2(7x4y)?2 Jifns 4[ A(A—B)(51x+6y) ] (7x +y) (48)
(A-B)A (A-B)A-B(7x+y)-7x-y (A-B)A-B(7x+y)+7x+y
4' (51x+6y) ! ff 4 A(A-B)(51x+6y) ] (7x T y) s H =4 A(A-B)(51x+6y) ] (7x T y) (49)
(A-B)?puA? (A-B)A [(A-B)A-B(7x+y)] . (A-B)A-B(7x+y)+7x+y
k 4(7x+y)? N (51x+6y) [ (7x+y) ] lfIJ' = 4[ AA-B)(51x+6y) ] (7x + Y) (50)

the results are  sharp.
Proof:
On Expanding (9) we have

x+y+2(7x + y)a,z + (51xaz + 6ya; — 28xas — 4ya3)z? < 1 +(A — B)c,;Az +
(A= B)A(cy — BAcH)z? +....
(51)

After identifying the terms in (51), we have

ja; —ua3] < [[{Z22 (¢, - Bach) + 22D GO 4]

(51x+6y) (51x+6y)(7x+y) 4(7x+y)?
This leads to
las — Ha%| S(;l—B)/‘L [ (A-B)22? _ B(A-B)A (A—B)Z/ulzz
x+6y) (51x+6y)(7x+y) (51x+6y) 4(7x+y)
Gimval 1] (52)

(A-B)A-B(7x+y)

Case | :when, u <4 [A(A—B)(51x+6y)

](7x+y)

(A-B)A + (A-B)A (A—B)A—B(7x+y)—7x—y]_
~(51x+6y) (51x+6y) (7x+y)

(53)

las — pa; |
(A-B)?ua?
4(7x+y)?
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(A-B)A-B(7x+y)—7x—y

A(A-B)(51x+6Yy) ] (7x + y)

Subcase I(a) : when, p < 4[

_ 2 (A-B)A [(A-B)A-B(7x+y)] _ (A-B)?uA?
|a3 ua2| S(51x+6y) [ (7x+y) ] 4(7x+y)?
(54)
. (A-B)A-B(7x+y)-7x-y
Subcase I(b) : when, p > 4[ AA—B)(E12167) ](7x +y)
las — paj| <
(A-B)A
(51x+6y)
(55)

(A-B)A-B(7x+y)

/1(A—B)(51x+6y)] (7x T y)

Case Il: when ,u > 4[

(A-B)A , (A-B)?*ua* (A-B)A {(A—B)A—B(7x+y)+7x+y}

2
az —pa ' N
laz — pas] S(51xt6y)  4(7x+y)?  (51x+6Y) (7x+y)

(56)

. (A-B)A-B(7x+y)+7x+y
Subcase I1(a) : when, u< 4 2A—B)G1rt63) ](7x +y)
.2, (4-B)A
las — wazl<rres
(57)
. (A-B)A-B(7x+y)+7x+y
Subcase II(b) : when, u > 4[ A A-B)51xt63) ](Bx +y)
_ 2, (A-B)2ua? _
|a3 “‘a2| =< 4(7x+y)2
(A-B)A [(A-B)A-B(7x+y)
(51x+6y)[ 7x+y) ] (58)

Combining subcase 11(a) and subcase I(b), we get

2
laz — pazl<
(A-B)A
(51x+6y)

(59)
iff,

(A-B)A-B(7x+y)+7x+y
A(A-B)(51x+6y)

(A-B)A-B(7x+y)-7x-y

4 A(A-B)(51x+6y)

](7x+y)sus4 ](7x+y)
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Extremal function

Extreme value for first and third function is
z{1 + pz}1 (60)

(A-B)A(51x+6y)—8A(A—B)(7x+y)+8B(7x+y)?
2(51x+6y)(7x+y)

where p =

(A-B)n(51x+6y)

q= (A-B)A(51x+6y)—8A(A—B)(7x+y)+8B(7x+y)?2
Extreme value for second function is ——— (61)
(1-z2)P
(A-B)A
where p = —(51x+6y)
Singularities:

Special cases on (59) when A#B

i) Inthe case of A>0,B>0,1>0 orA<0,B < 0,1 < 0 then ,this inequality holds good
only for A>B.

ii) In the case of A> 0,B >0,A<00r A< 0,B < 0,4 > 0Othen, this inequality holds good
only for B >A.

iii) Inthe case of A>0,B<0,A<00rA<O0,B > 0,41> 0 then, this inequality does not
hold for all values of A and B.

iv) In the case of A>0,B<0,1>00rA<0,B > 0,n <A then, this inequality holds good
for all values of A and B.

3. Concluding Remarks

If we take A =1and B =-1in the result of theorem 2 , we get the result of theorem 1, therefore
our result for the theorem 2 reduces to the result of the theoreml. Hence theorem 2 is the
generalization of theorem 1. And the results are sharp and also if we put A=1and B =-1in
extremal function of theorem 2, we get the extremal function of theorem 1.

Similarly if we take A =1 and B =-1 in the result of theorem 4 , we get the result of theorem 3,
therefore our result for the theorem 4 reduces to the result of the theorem 3. Hence theorem 4 is
the generalization of theorem 3. And the results are sharp and also if we put A=1and B=-1in
extremal function of theorem 4, we get the extremal function of theorem 3.

The extremal function given by [(46) and (47)] increases as & increases and decreases as &
decreases respectively and the extremal function given by [ (60) and (61)] also increases and
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decreases as & increases and decreases respectively. Hence extremal function is an increasing
function.
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