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Abstract:

In this Paper we have introduced aNewFekete-Szegd inequality with classes of analytic functions
along with its subclassesextremals and Singularities by using principle of subordination and as so
obtained sharp upper Bound of the function.

f(2) = z+ ),—, a, z"belonging to these classes are also obtained.
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1.Introduction

Let Adenotes the class of the function of the form

f2)=2z+Y,,a,z" (1)
Which are analytic function in the unit discE = {z: |z| < 1|},

LetS be the class of the functions of the form (1) which are analytic univalent inE. BieberBach[8]
proved that |a,| < 2 for the functions f(z) €S. And Lowner[5] proved that |az| < 3 for the functions
f(z) eS.. With the known estimates this inequality plays an important role to determining estimates
of higher coefficients for some sub classes of §. {Chhichra[11], Babalola[6]}.

Using Lowner’smethod[5], Fekete and szego investigated a well known relation between a; and a3
for the class

|a3 - “a%l <
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3 — 4y JifH<0
()

14 2e\iw Jf0<p<1(2)
4p— 3 Jif=1

The Fekete—Szeg6 inequality is an inequality for the coefficients of univalent analytic functions found
by Fekete and Szegd , related to the Bieberbach conjecture. Finding similar estimates for other classes
of functions is called the Fekete—Szegd problem.

Let S” be the subclass of § of univalent convex functions h(z) = z + ¥_, ¢, z" € Asatisfying the
condition

(zh'(2))
Re o >0,z €E. (3)

We are aware that a function f(z) €A is said to be close to convex if there exist g(z) e S  such that

((zf (2)
Re DTN >0,z € E. 4)

Kaplan[18] proved that close to convex functions are univalent.

* _ (zf' @) 1+Az
S (AB)={f(z2)eA; 4@ < o8, ’ 1<B<A<1,z€[E} (5)

WhereS™ (A,B) is a subclass of S’

Fekete-Szegd problem was studied by Abedel-Gawad[4] in the context of alpha quasi-convex
function. Goel and Mehrok[13], Al-Shagsi and Darus[1], Hayami and Owa[17], Al-Abbadi and
Darus[9] have investigated the upper bound of |as — pa3|for different functions in the class S.

Gurmeetsingh et al.[3] also introduced the class of inverse Starlike functions

9(z) = z+ Y7, b,z" € A which satisfies

Re (2 fozf(z)dz)>0 , 2EE e Zfozf(z)dz<1—z

Gandhi et al.[11]and Rathore et al.[2]established a new class of analytic functions with Fekete-szego
inequality using subordination method.

We introduce the class A (e, B) of functionsg(z) = z + Y j_p b, 2" € A with

satisfying the condition

+y [Z{Zf | (Z)}'] < (Z)e)

’

f (2 1-z

|2z @)} |
x [ 7@

LetA(a, B; A, B)denotes the subclass of A (e, B) consisting of the functions g(z) = z +
ne2 bnz™ € A satisfying the condition

[Z{Zf' (Z)}']' z{zf’ (z)}' 1+Az\
x[ = ]+y[ L ] <(3)1<B<as<1)

Let A(a, B; §)denotes the subclass of A(a, B) consisting of the functions g(z) = z + ),;,_, b,,z" €
A with satisfying the condition
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'

. [[z{zf’ @}]

2dof @) | _ (1421 |
7@ +y[ ]<( ) i >0 ®)

f (@ 1-z

Let A(a, B; A, B, §)denotes the subclass of A(a, B) consisting of the functions g(z) = z +

n=2 bnz™ € Awith satisfying the condition

[Z{Zf' (Z)}’]’ z{zf’ (z)]' 1+Az\"
x[ o ]+y[ e ]<(1+BZ) —1<B<A<1,7>0 9)

Here, Symbol < stands for subordination.

Principle of Subordination : If f(z) and F(z) are two functions which are analytic in E, then f(z)
is called a subordinate to F(z) in E, if there exists a function w(z) which is analytic in E satisfying the
conditions

Hw() =0 and (i) (w(2)| < 1

such that f(z) = F(w(z)) ,where z€E and we denote itas f(z) < F(z). Let U denote the class of
analytic bounded functions of the form

w(z) = Yp_1daz",w(0) = 0,|w(z)| <1

Having the restrictions|d,| < 1,|dy| <1 — |d4|?.

2. Main Results :

THEOREM 1.: Prove that

laz — uajl<
( Gx+y+2) U , 2(3x+y)
TR T AR TS 10
1 - 2(Bx+y) 2Bx+y+1)(Bx+7y)
3(4x+y) L 3(4x+y)SMS 3(4x +y) 1
U _ Bx+y+2) , 2Bx+y+1DBx+y)
\Bx+y)2 3M4x+y)Bx+y) u= 3(4x + y) (12)

the results aresharp.

Proof:

On Expanding (6) we have

x 4+ v+ (6x + 2y)ayz + (24ax; + 6yaz; — 12xa3 — 4ya3)z? <1+2ciz + 2(c;, + c2)z?% +.......
(13)

After identifying the terms in (13), we have
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las — Ha%|§

2
Cc1 _ Cc1
(3x+y)} H (Bx+y)?

1 2
6(4x+y) {26'2 + 2C1 +

This leads to

“ Bx+y+2) . U
“3(4x+y) 3(4x+y)(3x+y)  (Bx+y)?

2(14)

1
3(3x+y)] lc1

las Haz |<

Bx+y+2)(3x+y)

: <
Case | :when, p < rty)

1 + [ 2
“3(4x+y) 3(4x+y)(3x+y) (3x+y)2

las — pad|< ] |c112(15)
2(3x+y)

. <
Subcase I(a) : when, p < 3(4x+y)

Bx+y+2) . u
“3(4x+y)(Bx+y) (Bx+y

| “a2| < )2(16)
2(3x+y)

Subcase I(b) : when, p = 3(4x+y)

1
las U2|<3(4—+( 7)

Bx+y+2)(Bx+y)

Case Il :when, p > rty)

3 2
(3x+y+2) ]( 8)

1
f— 2 -

2(3x+y+1)(Bx+y)
3(4x+y)

Subcase l1(a) : when, p <
2 ;(19)
|a3 “a2|5 3(4x+y)

2(3x+y+1)(Bx+y)
3(4x+y)

Subcase 11(b) : when, p >

U . Bx+y+2)
Bx+y)2  3(4x+y)(Bx+y)

las — paj|< (20)

Combining subcase I1(a) and subcase I(b), we get

1
— Haé|—(21
las Ha2|§3(4x+y)( )

2(3x+y) 2Bx+y+1)Bx+y)

" 77 <u<
3(4x +y) =H= 3(4x +y)
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Extremal function

Extreme value for first and third function is z[1 + pz]?

3(4x+y)—2(3x+y+2)(Bx+y) 3(4x+y)
where p = 3(4x+y)(Bx+y) T 3(4aty)—2(Bx+y+2) (3x+y)
Extreme value for second function is ———
(A-z=)P
1
where p = 3(4x+y)

THEOREM 2. : Prove that

laz — pa3l<
A-B [A-B)—B(3x+y)] (A-B’u .. _2 (A—B)—B(3x+y)—3x—y]
— Jifu<s 3 22
6(4x+7y) Bx+y) 4(3x+y)2 =3 (A-B)(4x+y) (3x+)(22)
A—B L 2[A—B)—B(3x+y)—3x—y 2[A—B)—B(Bx+y)+3x+y
6(dxty) @ U3 A= B)(dx +y) ](3x+”S“S§[ A= B)(dx +) ](3“3’)(23)
(A-B¥u A-B (A—B)—B(3x+y)] _ 2[(A—B)—B(3x+y)+3x+y]3 5
- Jifu> o 4
1Gity? Byl Gty ME ammaxty Ot @8

the results are  sharp.
Proof:
On Expanding (7) we have

x + v+ (6x + 2y)ayz + (24ax; + 6ya; — 12xa3 — 4ya3)z? < 1+(A—B)c1z+ (A — B)(cz —
Bc?)z2 +....

(25)

After identifying the terms in (25), we have

las — nal [(A—BXcz—Bc%) U-5)’cf —(A_B)Z#” lc1]®
az —Hazl< 6(4x+y) 3(4x+y)Bx+y)  4Gx+y)2l] 11

This leads to

A-B

- 6(4x+y)] |c11%(26)

A-B N ” (A-B)? __ B(-B) (A-B)?pu
6(4x+y) 6(4x+y)(3x+y) 6(4x+y) 4(3x+y)?

las — paj| <

2 (A-B)-B(3x+y)

Case | :when, p < 3 [ A5)(hxty) ] Bx+y)

) A-B N ” A-B (A—B)—B(3x+y)—3x—y] _ (A-B)*u
las —hezl <z ¥ s Gx+y) 4(3x4y)?

i

Subcase I(a) : when, u <

2 [(A —B)—B(3x+y)—3x—y

3 (A-B)(4x+y) ] (3x + y)
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A-B (A-B)-B(3x+y) _ (A—B)Zu,

las — paz| < 6(4x+y) (4x+y) 4(3x+y)2‘28)
Subcase I(b) : when, u > % (A_B();fgz:ﬁ;x_y] Bx+y)
las — Ha3| < z74—(29)
Case Il :when , p > ;[%m] Bx+y)
s ~vatt it iy w10
Subcase ll(a) : when, p < % (A_B();fg?;?;fﬁy] Bx+y)
las — pa3|< 6(4;_1_}])(31)
Subcase I1(b) : when, p=> % (A_B();fggc}f;fﬁy] GBx+y)
s —HaHl <G~ e [ |32

Combining subcase I1(a) and subcase I(b), we get

—~_(33)

2
as; — MHa
| 3 H 2|§ 6(4X+y)

iff,
2[(A-B)—B@Bx+y)—3x—y 2[(A-B)—B@Bx+y)+3x+y
3 A—B)ax+y) Bx+y)<ps<z A—B)ax+y) (3x+)

Extremal function

Extreme value for first and third function is

z[1 + pz]d
_ 3(4-B)(Bx+y)—4{(4—B)-B(3x-+y )} (3x+y) 3(4x+y)(4-B)
where p = 6(4x+y)(3x+y) 5= 8) Grry) —4{(4-B) BG4y} (Bx )
Extreme value for second function is ———
(1-z4)p

A-B
where p = —6(4x+y)

Singularities:

Special caseson (33) when A#B
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i) If A> 0,B > 0 then this inequality is holds only for A>B.

i) If A> 0,B < 0 then this inequality is holds for all values of A and B.
iii)If A< 0,B < 0 then this inequality is holds only for B>A.

iv) If A< 0,B > 0 then this case does not valid.

THEOREM 3. :Prove that

lag — Ha%|§
Gx+y+2n* fu s nBx+y+2) -3x-y}Bx+y) 34
3(4x+y)(Bx+y) (Bx+y)? 3n(4x +y)
n _nBx+y+2)-3x-y}Bx+y) 35)
3(4x + y) ! 3n(4x + y)
un? (Bx +y + 2)n? . MBx+y+2)+3x+y}(Bx+y)
\(3x + y)? C3(4x + Y)Bx+y) k= 3n(4x +y) (36)

the results are sharp.

Proof:

On Expanding (8) we have

x +y+ (6x +2y)ayz + (24ax; + 6yas; — 12xa5 — 4yad)z? <1+ 2nc,z + 2n(cy + nct)z? +...
(37)

After identifying the terms in (37), we have

e

This leads to

las _“a%|53(4j+y) + [ 3(23:5)2211) N (ij)z T 3(4x+ )] 1| (38)
Case | :when, pn < —(3x+3y( Zi)f;;y )

s — hail 5y n+y) + [ 3((33:yy)+(2fy) B 3(4;+y) B (;fj)z ] 1l (39)

{n Bx+y+2)—3x—y}(3x+y)

Subcase I(a) : when, p < 3 (4x+y)

(Bx+y+2)n? _
3 (4x+y) (3x+y) 'u (3x+y)2

las — paj| < [ ](4 0)
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{n Bx+y+2)-3x—y}(Bx+y)

Subcase I(b) : when, u >

3n (4x+y)
jas — pa3| e——(41)
3 2133(4x+y)
(Bx+y+2)(3x+y)
- > _— -z
Case Il :when, p > 3Gxty)
2 2
o n ” n° Gaty+2)n 1 ] 2
las —Ha2l <5 ) T E Gy T e 3(4x+y) 1]
las — bl Sy T R Gy~ 3G U 3Gemy) 1
. {nBBx+y+2)+3x+y}(3x+y)
Subcase 11(a) : when, p < (1)
jas — nad|l<——(43)
253(4x+y)
Subcase 11(b) : when, p > InGrty+2)+3xty}3rty)
3n(4x+y)
172 (3x+y+2)n2
— 2 — (
s —Haa < T S ) )
Combining subcase I1(a) and subcase I(b), we get
jas — pa3|< ——(45)
2= 3(4x+y)
iff
MBx+y+2)=3x—y}Gx+y) _  _ mBx+y+2)+3x+y}Gx+y)
3n(4x +y) SHs 3n(4x +y)
Extremal function
Extreme value for first and third function is z[1 + pz]4(46)
3n(4x+y)—2nBx+y+2)(Bx+y) 3n(4x+y)
where p = 3(4x+y)(3x+y) a= 3n(4x+y)—2n(3x+y+2) (3x+y)
Extreme value for second function is (1_;)p 47)
R
where p = 3(4x+y)
Singularities:

Special cases on (45)
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1. If p > 0 then the result is hold for all values of 1.

2. Ifn < Othen the result is not valid.

Hence only (1) case is applicable on this theorem.

THEOREM 4. : Prove that

las — Ha%|§
(A=B)n [(A=Bn—BBx+y)| (A-B)n’w __2Bx+y)[(4—B)n—B@Bx+y)—3x—y]
6(4x + y) Gx+y) 1Gxry2 M= 31(4x + y)(A — B)
A4-By 2Bx+P[A-Bn—BBx+y)—3x—yl _ =~ _26x+y[A-Bn—-BBx+y)+3x+yl
6(4x+y) " 3(4x + )4 — B) SH= 3n(4x + y)(4 — B)
(A-B)*n*u  (A—B)n [(A—=Bn—BBx+y)]| . 23x +y)[(A= B —BQBx+y) +3x+y]
2G3x+7)?  6(dx +y) Gx+y) = 3nCax + ) (A —B)

the results are  sharp.
Proof:
On Expanding (9) we have

x +y+ (6x +2y)a,z + (24ax; + 6yas — 12xa3 — 4yad)z? < 1+(A - B)cinz + (A — B)n(cy —
Bnc3)z? +....

(51)

After identifying the terms in (51), we have

s[5 ey STt

6(4x+y) 6(4x+y) Bx+y) 4(3x+y)?
This leads to
o (A-B)y (A-B)*n*  B(A-B)n _ (A-B)’un®| _ (A-B)y 2
las — nazl< 6(4x+y) + [|6(4x+y)(3x+y) 6(4x+y) 4(3x+y)? | 6(4x+y)] |C1| (52)
2 (A—B)n—B(3x+y)]
- < P I
Case | :when, pu < 3 [ B rty) Bx+y)
o (a-B)y (A-B)n [(A=B)n—B(Bx+y)—3x—y] __ (A-B)*un? 2
las — pazl< 6(4x+y) * [|6(4x+y) Bx+y) ] 4(3x+y)? ]|C1| (53)
Subcase I(a) : When, p < % (A_Bzz;fgazyjy_fx_y] GBx +y)
_ 2, (A-B)y [(A-B)n—BBx+y)] __ (4-B)*un?,
las — nazl< 6(4x+y) [ (3x+y) 4(3x+y)? ‘54)

(A-B)n—B(3x+y)—3x—y
n(A—B)(4x+y)

Subcase I(b) : when, p > %[ ] Bx+y)
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(4-B)
las — na3| < 5o5(55)

2 [(A—B)n—B(3x+y)

: >
Case II: when ,u > o e ] Bx+y)

il 0 [ _ o oo
Subcase I1(a) : When, u < %[(A_B;ng?;}f;fﬁy] (3x +v)

las — Ha3< 5b(57)
Subcase 11(b) : when, p > %[(A_B;r(’;fgzc;yj;fﬁy] Bx+y)

las — pad|< (4-B)*un® _ (A-B)y [(A—B)n—B(3x+y)](58)

4(3x+y)? 6(4x+y) Bx+y)

Combining subcase I1(a) and subcase I(b), we get

_ 2 (A-B)n
las — paz|< 6(4x+y)(59)

iff,

2Bx+y)[(A-B)N—-BBx+y)—3x—yl] << 2B@x+y)[(A-B)N—BBx+y)+3x+y]
31(4x + y)(4 - B) sH= 3N(4x +y)(A - B)

Extremal function

Extreme value for first and third function is
z[1 + pz]9(60)

_ 3n(A-B)Bx+y)—4{n(A-B)-BBx+y)}(3x +y) 3n(4x+y)(A-B)
where p = 6(4x+y)(3x+y) ' " 30(4-B) Bx+y)—4{n(4—B)—B(3x+y)} Bx+y)

Extreme value for second function is ———(61)

(1-z2)r
=B
where p = —6(4x+y)
Singularities:

Special cases(59) on when A#B
i) Inthe caseof A>0,B>0,n >0 or A<0,B < 0,n < 0 then ,this inequality holds good only for A>B.
ii) ) Inthe case of A>0,B > 0,7 < 0or A< 0,B < 0,n > Othen, this inequality holds good only for B >A.

iii) ) Inthe case of A>0,B<0,n<00r A<0,B > 0,7 > 0 then, this inequality does not hold for all
values of A and B.
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iv)) Inthe case of A>0,B<0,n>00rA<0,B>0,n <0 then, this inequality holds good for all values
of A and B.

3. Concluding Remarks

If we take A =1 and B = -1 in the result of theorem 2 ,we get the result of theorem 1, therefore our
result for the theorem 2 reduces to the result of the theorem1. Hence theorem 2 is the generalization of
theorem 1. And the results are sharp and also if we put A =1 and B = -1 in extremal function of
theorem 2, we get the extremal function of theorem 1.

Similarly if we take A = 1 and B = -1in the result of theorem 4 , we get the result of theorem 3,
therefore our result for the theorem 4 reduces to the result of the theorem 3. Hence theorem 4 is the
generalization of theorem 3.And the results are sharp and also if we put A =1 and B = -1 in extremal
function of theorem 4, we get the extremal function of theorem 3.

The extremal function given by [(46) and (47)] increases as & increases and decreases as § decreases
respectively and the extremal function given by [(60) and (61)] also increases and decreases as &
increases and decreases respectively. Hence extremal function is an increasing function.
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