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Abstract:

In this Paper we have introduced a new Fekete-Szegd inequality with classes of analytic
functions along with its subclasses and extremals by using principle of subordination and as so
obtained sharp upper Bound of the function

f(2) = z+ ), -, a, z" belonging to these classes are also obtained.
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1.Introduction

Let Adenotes the class of the function of the form
f@)=2z+ Ypoa,z" (1)
Which are analytic function in the unit discE = {z: |z| < 1|},

LetS be the class of the functions of the form (1.1) which are analytic univalent in E.
BieberBach[7] proved that |a,| < 2 for the functions f(z)eS. And Léwner[5] proved that
|az| < 3 for the functions f(z) €S..

With the known estimates this inequality plays an important role to determining estimates of
higher coefficients for some sub classes of § (Chhichra[11], Babalola[6]). Using Lowner’s
method[5], Fekete and szego investigated a well known relation between as and a% for the

class §
3 — 4u ,ifu <0
-2
las — padl «f 14 2. ifo<u<1 (2)
4u— 3 Jifu =1
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The Fekete—Szegé inequality is an inequality for the coefficients of univalent analytic
functions found by Fekete and Szegd [10], related to the Bieberbach conjecture. Finding similar
estimates for other classes of functions is called the Fekete—Szeg6 problem.

Let S” be the subclass of § of univalent convex functions h(z) = z + Y5i_, €, 2" € A satisfying
the condition

(zh'(2)
Re 22> 0,z €E. (3)
We are aware that a function f(z) A is said to be close to convex if there exist g(z) € S”such
that
Rel@@) - ¢ ek (4)

9(2)

Kaplan[18] proved that close to convex functions are univalent.

. _ (zf @) (z)) 1+Az
S (AB)={f(2)eA; = = o5 1<B<A<1z€E} (5)

WhereS™ (A,B) is a subclass of S”.

Fekete-Szegd problem was studied by Abedel-Gawad[4] in the context of alpha quasi-convex
function. Goel and Mehrok[12], Al-Shaqsi and Darus[9], Hayami and Owa[17], Al-Abbadi and
Darus[2]have investigated the upper bound of |a3 — pa’ |for different functions in the class S.

Gurmeet singh et al.[3] also introduced the class of inverse Starlike functions
g(z) = z+Y5n_,b,z" € A which satisfies

Re (#)>0, Zz€EE i.e.ifi<1ﬁ
Zfo f(2)dz Zfo f(2)dz 1-z

Gandhi et al.[14]and Rathore et al.[2]established a new class of analytic functions with Fekete-
szego inequality using subordination method.

We introduce the class A(a, B) of functionsg(z) = z + X.;,_, b, 2" € A with

satisfying the condition

a [T+ B lory) < (32) (6

LetA(a, B; A, B)denotes the subclass of A(e, B) consisting of the functions g(z) = z +
Y=g bpz™ € A satisfying the condition

o[rle sl < () 15 a1 .

Let A(a, 3; 6)denotes the subclass of A(a, B) consisting of the functions g(z) = z +
Yoo bpz™ € A with satisfying the condition

i P)
“[ZJ{'(S)] B [{iﬁiﬁ <(32)  6>0 (8)
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Let A(e, B; A, B, §)denotes the subclass of A(a, B) consisting of the functions g(z) = z +

n=2 bnz"™ € A with satisfying the condition

zf" (@) zf'(2) 1+A2\0
a[ f'(@) ] B[{ZI(Z)} (1+Bz) 1<B<A<1,6>0 (9)

Here, Symbol < stands for subordination.

Principle of Subordination : If f(z) and F(z) are two functions which are analytic in E, then
f(2) is called a subordinate to F(z) in E, if there exists a function w(z) which is analytic in E
satisfying the conditions

w0 =0 and (i) w(2)| < 1
such that f(z) = F (w(z)) ,where ze E and we denote it as f(z) < F(2).
Let U denote the class of analytic bounded functions of the form
w(z) = Y,-1d,z",w(0) =0,|w(z)| <1

Having the restrictions|d| < 1, |dy| < 1 — |d4|?.

2. Main Results :

THEOREM 1.: Prove that

las —,ua§| <
4a+ B +2 4u _ (4a +p)
[(4a TRGa+p) Garpr T =2@arp (10)
{ ,_ 4(X+ﬂ S S(4a +ﬂ+1)(4a+ﬂ) (11)
3a+,8 2(3a+,8) 2Ba+p)
l (4a+p+2) , (4a+F+ D(4a+p) 1
Gatp)? GatpGatp T4 2Ga + B) 12)
And the results aresharp.
Proof:

On Expanding (6) we have
B+ (daya + aB)z + (6aza + 2a38 — 4a3a — a5B)z? < 1+2c,z + 2(c, + ¢)z? +....(13)
After identifying the terms in (13), we have

2 1 2 2¢i ) 4c?
las — uaz| S|(3ac+ﬁ) {Cz Tt 4a+B} K Garpy

This leads to
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2 1 datp+2  4p
las — pa;] S(3a+/3)+[|(4a+ﬁ)(3oc+,8) (aa+p)?

(4a+B+2)(4a+p)

Casel:If, p < 2GatB)

,then

5 1 2 4 2
las —pazl <Gopt [(4a+ﬁ)(3a+ﬁ) (4a+3)2]|cll

4a+p
2(3a+p)’

Subcase I(a) : If, p < then

4a+p+2 A
a+B)Ba+p) (4a+p)?

2
lag — uas| G

Subcase I(b) : If, p > 24P then

2Ba+p)’
1
|a3 - ﬂa%l §(3a+ﬁ)
. (4a+p+2)(4a+p)
Casell: If, p=> T iGaip) ,then
_ 2 1 4u _ 8a+f+2
las —uazl<im + {(4a+ﬁ)2 (4a+B)(3a+B)}
. (4a+B+1)(4a+p)
Subcase II(a) : If, p < T Gap) ,2then
1
las — uaj| <Ga+p)
. (4a+B+1)(4a+p)
Subcase II(b) : If, u= T 2Gatp) Jthen

~ , 4u _ 4a+B+2
las ,ua2|s(4“+3)2 (4a+B)(Ba+p)

Subcase 11(a) and I(b) gives the common result.

1
Ba+p)

las —,ua%|§

Under the restriction

4a + B < <(4a+ﬁ+1)(4a+ﬁ)

__1 2
(3a+/3)] leal

2Ba+p) M 2@a+p)
this complets the theorem, hence the results are sharp.

Extremal function

Extreme value for first and third function is z{1 + pz}

72(3a+[3)—(4a+[3)(4a+ﬁ+2) 2(3a+p)

Q=

where P = (4t f) Ba+ ) ’

Extreme value for second function is T
(1_22)(3a+6)

VOLUME 8§, ISSUE 6, 2021

2(3a+p)-(4a+p)(4a+p+2)

ISSN NO : 1869-9391

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

PAGE NO: 569



GIS SCIENCE JOURNAL ISSN NO : 1869-9391

THEOREM 2.: Prove that

las — uaj| <

( (A-B) [A-B-B(4a+B)] _ (A-B)*u (A-B)-B(4a+B)—4a—f
2@a+p)l (1a+p) arpe TS [ 2(A-B)(3a+p) ] (4a +f) (24)
A-B i Ga+Pl(A-B)-B(4a+p)-4a-pl _ ~_ (4a+p)((A-B)-B(4a+p)+4a+p] 25)
3a+p’ 2Ga+p)(A-B) =H= 2Ga+p)(A-B)
Ublp  [ABBGB) () gy e, s GerBrOGess)
(4a+p)? [ (aa+B) ](A B) ifu= 2(3a+p) (26)

and the results are sharp.
Proof:
On Expanding (7) we have

B+ (4aya + aB)z + (6aza + 2a38 — 4a3a — a3B)z? < 1+(A—B)ci1z+ (A—B)(c; —
Bc?)z? +.... (27)

After identifying the terms in (27), we have

o, (4-B)(c—Bc}) (4-B)*cf  (4-B)*u ,
las /‘a2|5[ 2(3a+B) 2@a+B)(Batp)  (2a+B)? 1”

This leads to

o A-B (A-B)? _ B(4-B) (4-B)*u _ _A-B 2
las —uaz| <3Gaipm + [|2(4a+ﬁ)(3a+ﬁ) 2G@a+p)  (4a+p)? 2(3a+ﬁ)] il (28)
(A—B)—B(4a+B)]
. < |22 oA Rarh)
Casel: If, p < [ 2 B)Gat ) (4a + B),then
A-B (A-B) [(A-B)-B(4a+B)—4a-p (A-B)?p
a2 —
las —uazl < G p P 2Gars) @a+p) ] (@a+p)? (29)
Subcase I(a) : If, p < [(A_Bz)(;B_S:i;fZ;)m_B] (4a + B), then
A—-B  [(4-B)-B(4a+B) (4-B)%u
_ 2 —
las —18] < Gaep | Garp) (4a+p)? (30)
Subcase I(b) : If, n > [(A—?(;Ii(:;x(;—:i;a—ﬁ] (4a + B),then
) A-B
|a3 _:uazl S(3a+ﬁ) (31)
(A—B)—B(4a+B)]
. S Pt S
CaseIl: If, p > [ 2 B) Gat ) (4a + B).then
A—-B (A-B)?u A—B  ((A-B)-B(4a+B)+4a+fh
L2 _
1%~ 1l < Gar ) Garp? 2(3a+ﬁ){ (4a+p) } 2

Subcase II(a) : If, p < [(A_i)(:iﬁi;flgm-ﬁ] (4a + B),then
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A-B

las — ua3| < Gaip) (33)
Subcase 11(b) : If, p > [(A'BZ )(;B_ gﬁ;ﬁ;“w ] (4a + B),then
s —natl =zt~ [sGarmsan] 4 ) (34
Subcase II(a) and I(b) gives the common result.
. A-B
laz —pa3| < (Ba+p) (35)
Under the restriction
(4a + B)[(A— B) — B(4a + B) — 4a — B] <us< (4a + B)[(A— B) — B(4a + B) + 4a + B]
2@a + B)(A—-B) 2(Ba + B)(A—-B)
thiscomplets the theorem, hence the results are sharp.
Extremal function
Extreme value for first and third function is z{1 + pz}4 (36)
(A-B)(3a+p)—(A-B) (4a+p)+B(4a+p)?
where p - (4a+B)(Ba+p)
(A-B)(3a+p)
97 GoB) Ba+p)—(4-B) (da+p)+B(2a+f)? '
Extreme value for second function is ﬁ (37)

(1-72) 2Ba+B)
Singularities:
Special cases (35)when A#B
i) If A> 0, B > 0 then this inequality is holds only for A>B.
ii) If A> 0, B < 0 then this inequality is holds for all values of A and B.

ii)If A< 0,B < 0 then this inequality is holds only for B>A.

iv) If A< 0,B > 0 then this case does not valid

THEOREM 3.: Prove that

las — paj| <
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(4a+B+2)62 4us? {6(4a+L+2)—4a—B}(4a+p)

Gatp)Gatp)  GarpE UHS 25G3atp) (38)
S5 . {6(4a+B+2)—4a-L}(4a+p) {6(4a+B+2)+4a+B}(4a+B)
3a+p "’ f 48(3a+p) SpHs 45(3a+p) (39)
482 (4a+p+2)82 {8(4a+B+2)+4a+B}(4a+p)
(4a+p)?  (4a+p)Ba+ph) Jifu 2 45Ba+p) (40)

and the results are sharp.
Proof:
On Expanding (8) we have

B+ (daya + aB)z + (6aza + 2a38 — 4a3a — a5B)z? <1+285c,z + 28(c, + 6ci)z? +..

(41)
After identifying the terms in (41), we have
1 25%c? 46%c?
_ 2 2 .2 1} _ 1
Iz = pazl S|(3a+/3) {662 Tt g (4a+p)?
This leads to
) (4a+pB+2)6% 48%u ) ] 2
— 2 —_ —
laa = pazl = (3a+p) + H (4a+p) (4a+p)? (Ba+p) lcal )
CaseI:If, p < w,then
4(Ba+p)
, (atpt2)s® 5 4du ] Ic |2
las —1Gl <ol T | GanGan | Garp)  Garpzl I (43)
Subease I(a) : If, p < {5(4a+ﬁ+2)_4a_ﬁ}(4a+ﬁ),then
45(3a+p)
) [(4a+ﬁ+2)62 _ 487 ]
|a3 _:uaZI < (4a+B) (4‘a+ﬁ)2 (44)
Subease I(b) : If, p = {6(4a+ﬁ+2)_4a_ﬁ}(4a+ﬁ),then
45(3a+p)
— 2 d
las — paz| 5(30(_'_3) (45)
. (4a+p+2)(4a+p)
Case ILIf ,pu > T aGap ,then
, 5 48 _ 5{5(4a+ﬁ+2)+4a+ﬁ}] |C |2
las —1l < Goip T | Garp? | aGanGarn 1A (46)

{6(4a+B+2)+4a+p}(4a+B)
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5
_ 2 N
{8(4a+p+2)+4a+p}(4a+p)
. >
Subease II(b) : If, pu = 9Gats) ,then
X 482 _ (4a+p+2)5°
las =12l < GQav B2 Garp)Garp) (48)
Subcase II(a) and I(b) give the common result.
, 5
las — el < gy (49)

Under the restriction

{6(4a+ B +2)—4a—B}4a+p)

{6(4a+pB+2)+4a+ p}4a+p)

<u<
46(3a + B) 46(Ba + B)
Thiscomplets the theorem, hence the results are sharp.
Extremal function
Extreme value for first and third function is z{1 + pz}Q (50)
286(Ba+p)-6(4a+pB)(4a+p+2) Q= 28(3a+pB)
where P = (4a+B)Gath) v T 5GatB)—o(aatp)@atpt2)
Extreme value for second function
is ———5— (s1)
(1-22)Ba+p)
Singularities:
Special cases for (49)
1. If & > 0 then the result is hold for all values of .
2. If § < Othen the result is not valid.
Hence only (1) case is applicable on this theorem.
THEOREM 4. : Prove that
las — ua3| <
(A-B)S [(A=B)5—B(4a+PR)| _ (A-B)?&*%u . (A-B)6—B(4a+B)—4a—P
2Gatp) [ Gatp) ] Garp? M= 26(A—B)Gatp) ] (da+p) 62)
2(A—B)z? ) f (4a+P)[(A—B)6—B(4a+p)—4a—p] < L < (4a+P)[(A—B)6—B(4a+p)+4a+p] (53)
(Ba+p) 26(3a+p)(A—B) 26(3a+B)(A—B)
(A-B)?6°u _ [(A=B)§—BUa+p)| ;s _ . (4a+P)(A—B)S—B(4a+p)+4a+p]

k (4a+p)? [ 2@a+pEa+p) ](A B)d ,ifu = 26(3a+p)(A—B) (4

andthe results are  sharp.

Proof:
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On Expanding (9) we have

B+ (4aya + aB)z + (6aza + 2a38 — 4a3a — a3B)z? < 1+(A — B)c,6z + (A — B)S(c, —
B&c?)z? +.... (55)

After identifying the terms in (55), we have

_ 2 (A—B)5 _ 2 (A—B)252612 _ (A—B)2M52 2
las —uaz| S[|2(3oc+ﬁ)+{62 Béci +2(4a+,8)(3a+ﬁ)} (4a+B)? 1”
This leads to
) (A-B)§ (A-B)?62 __B(4-B)§ (A-B)25%u _ (4-B)S 2
las =zl <3Gam [|2(4a+B)(3a+B) 2Ga+f) | (4a+p)? 2(3a+B)] | (56)

A-B)5-B(4a+p)

. (
Casel:If, u < [ 23 CAB) (et B) ] (4a + B).then

2 (A-B)S (A-B)8 [(A—-B)§—-B(4a+B)—4a—p (A-B)%62%u
las —uaz| < Gatp) | 2GBa+p) (aa+p) ]_ (aa+p)? (57)
Subcase I(a) : If, p < (A_BZ)SS (;B_(;;gf 1;“_ﬁ] (4a + pB),then
9 (A-B)é [(A-B)6—B(4a+p) _(A—B)zézu
las —uaz | 2(3a+ﬁ)[ (4atp) (4a+B)? (58)
Subcase I(b) : If, p > [(A_i); (;ﬁ(;i;fi;a_ﬁ] (4a + pB),then
oy (4-B)s
|a3 ,Uazl = 2 (3a+p) (59)
CaseIl: If ,u > %} (4a + B).then
2 (4-B)§ | (A—B)262u_ (A-B)§ ((A-B)S§—B(4a+pB)+4a+p
las — uaz| =2Batf)  (4a+p)? 2(3a+ﬁ){ (4a+pB) } (60)
Subease I(a) : If, p < [“'?&;‘fﬁ%ﬁ}‘)‘“”] (4a + B),then
(A-B)§
las — uaj| < @ath) (61)

B)6—B(4a+pB)+4a+p
26(A-B)(3a+p)

Subcase II(b) : If, p > [(A_ ] (4a + B),then

(A-B)25%u (A-B)éS [(A—B)S—B(4a+[?)

a2 _
las —pazl <=0 5z 2Ga+p) (a+B)

(62)
subcase II(a) and I(b) give the common result.

las s3] <0 (63)
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Under the restriction

(4a +B)[(A-B)6 — B(4a + B) — 4a — B] P +P)[(A—-B)S - B(4a + B) + 4a + f]
26(a + B)(A—B) =H= 26Ga +B)(A—B)

Thiscomplets the theorem, hence the results are sharp.
Extremal function
Extreme value for first and third function is z{1 + pz}4 (64)

(A-B)8(Ba+B)—(A-B)68 (4a+B)+B(4a+p)?
where p = (4a+B)(Ba+p)

(A-B)8(3a+B)

9= aTB)6Ga+B)—(A-B) 5(4a+B)+B(aatf)?
Extreme value for second function is % (65)
(1_22) 2(3(l+ﬁ)
Singularities:

Special casesfor (63) when A#B

i) Inthe case of A>0,B>0,6 >0 orA<0,B < 0,6 < 0 then ,this inequality holds good only for
A>B.

ii) ) In the case of A> 0,B > 0,6 < 0or A< 0,B < 0,8 > Othen, this inequality holds good only for B
>A.

iii) ) In the case of A>0,B <0, <0orA<0,B > 0,8 > 0 then, this inequality does not hold for
all values of A and B.

iv) ) In the case of A> 0,B < 0, § > 0 then, this inequality holds good for all values of A and B.

3. Concluding Remarks

If we take A =1 and B = -1 in the result of theorem 2 , we get the result of theorem 1,
therefore our result for the theorem 2 reduces to the result of the theorem1. Hence theorem 2 is
the generalization of theorem 1. And the results are sharp and also if we put A=1and B=-1in
extremal function of theorem 2, we get the extremal function of theorem 1.

Similarly if we take A =1 and B = -1in the result of theorem 4 , we get the result of theorem 3,
therefore our result for the theorem 4 reduces to the result of the theorem 3. Hence theorem 4 is
the generalization of theorem 3. And the results are sharp and also if we put A=1and B=-1in
extremal function of theorem 4, we get the extremal function of theorem 3.

The extremal function given by [(50) and (51)] increases as & increases and decreases as §
decreases respectively and the extremal function given by [ (64) and (65)] also increases and
decreases as § increases and decreases respectively. Hence extremal function is an increasing

netigo,
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