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Abstract:  

In this Paper we have introduced a new Fekete-Szegö inequality with classes of analytic  
functions along with its subclasses and extremals by using principle of subordination and as so 
obtained sharp upper Bound of the function 

𝒇(𝒛) =  𝒛 +  ∑ 𝒂𝒏
∞
𝒏ୀ𝟐 𝒛𝒏 belonging to these classes are also obtained. 
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1.Introduction 

 

  Let  𝓐denotes the class of the function of the form  

𝒇(𝒛) =  𝒛 +  ∑ 𝒂𝒏
∞
𝒏ୀ𝟐 𝒛𝒏                                                                               (1) 

Which are analytic function  in the unit disc𝔼 = {𝒛: |𝒛| < 1|} ,  

Let 𝓢 be the class of the functions of the form (1.1) which are analytic univalent  in 𝔼. 
BieberBach[7] proved that |𝒂𝟐| ≤ 𝟐 for the functions 𝒇(𝒛)𝓢. And Löwner[5] proved that 
|𝒂𝟑| ≤ 𝟑 for the functions 𝒇(𝒛)𝓢..  

With the known estimates  this inequality  plays an important role to determining estimates of 
higher coefficients for some sub classes of 𝓢 (Chhichra[11], Babalola[6]). Using Löwner’s 
method[5], Fekete and szego investigated a well known relation between  𝒂𝟑  and 𝒂𝟐

𝟐 for the 
class  𝓢 

|𝒂𝟑 − µ𝒂𝟐
𝟐|  ≤൞

3 −  4µ                          , 𝑖𝑓µ ≤ 0

 1 +  2𝑒
ቀ

ష𝟐µ
𝟏షµ

ቁ
                     , 𝑖𝑓 0 ≤ µ ≤ 1

4µ −  3                  , 𝑖𝑓µ ≥ 1

                                                (2) 
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The Fekete–Szegő inequality is an inequality for the coefficients of univalent analytic 
functions found by Fekete and Szegő [10], related to the Bieberbach conjecture. Finding similar 
estimates for other classes of functions is called the Fekete–Szegő problem. 

Let S* be the subclass of 𝓢  of univalent convex functions 𝒉(𝒛) = 𝒛 + ∑ 𝒄𝒏𝒛𝒏∞
𝒏ୀ𝟐 ∈ 𝓐 satisfying 

the condition 

𝑹𝒆
൫(𝒛𝒉ඁ(𝒛)൯

𝒉ඁ(𝒛)
> 0, 𝒛 ∈ 𝔼.                   (3) 

We are aware that a function 𝒇(𝒛)𝓐 is said to be close to convex if there exist 𝒈(𝒛)  S* such 
that 

𝑹𝒆
൫(𝒛𝒇ᇲ(𝒛)൯

𝒈(𝒛)
> 0, 𝒛 ∈ 𝔼.                                                                      (4) 

Kaplan[18] proved that  close to convex functions are univalent. 

S* (A,B) = {𝒇(𝒛)𝓐 ;  ൫(𝒛𝒇ඁ(𝒛)൯

𝒈(𝒛)
≺  

𝟏ା𝐀𝐳

𝟏ା𝐁𝐳
 , −𝟏 ≤ 𝑩 ≤ 𝑨 ≤ 𝟏, 𝒛 ∈ 𝔼}               (5) 

WhereS* (A,B) is a subclass of  S*.  

Fekete-Szegö problem was studied by Abedel-Gawad[4] in the context of alpha quasi-convex 
function. Goel and Mehrok[12], Al-Shaqsi and Darus[9], Hayami and Owa[17], Al-Abbadi and 
Darus[2]have investigated the upper bound of ห𝒂𝟑 − µ𝒂𝟐

𝟐หfor different functions in the class S. 

Gurmeet singh et al.[3] also introduced the class of   inverse  Starlike functions  
g(z)  =  z + ∑ 𝑏௡𝑧௡∞

௡ୀଶ ∈  A   which satisfies 
 

 Re ൬ ௭௙(௭)

ଶ ∫ ௙(௭)ௗ௭
೥

బ

൰ > 0 ,  z ∈ 𝐸    i.e. ௭௙(௭)

ଶ ∫ ௙(௭)ௗ௭
೥

బ

 < ଵା௭

ଵି௭
  

 
Gandhi  et al.[14]and Rathore et al.[2]established a new class of analytic functions with Fekete-
szego inequality using subordination method. 
We introduce the class 𝓐(𝜶, 𝜷) of functions𝒈(𝒛) = 𝒛 + ∑ 𝒃𝒏𝒛𝒏∞

𝒏ୀ𝟐 ∈ 𝓐  with 
satisfying the condition 

𝜶 ቂ
𝒛𝒇ᇲᇲ(𝒛)

𝒇ᇲ(𝒛)
ቃ + 𝜷 ቂ

𝒛𝒇ᇲ(𝒛)

{𝒛𝒇(𝒛)}ᇲቃ ≺ ቀ
𝟏ା𝒛

𝟏ି𝒛
ቁ                                                                                          (6)  

Let𝓐(𝜶, 𝜷; 𝑨, 𝑩)denotes the subclass of  𝓐(𝜶, 𝜷) consisting of the functions 𝒈(𝒛) = 𝒛 +
∑ 𝒃𝒏𝒛𝒏∞

𝒏ୀ𝟐 ∈ 𝓐 satisfying the condition 

𝜶 ቂ
𝒛𝒇ᇲᇲ(𝒛)

𝒇ᇲ(𝒛)
ቃ + 𝜷 ቂ

𝒛𝒇ᇲ(𝒛)

{𝒛𝒇(𝒛)}ᇲቃ ≺ ቀ
𝟏ା𝐀𝐳

𝟏ା𝐁𝐳
ቁ ; −𝟏 ≤ 𝑩 ≤ 𝑨 ≤ 𝟏                                                    (7) 

Let 𝓐(𝜶, 𝜷; 𝜹)denotes the subclass of  𝓐(𝜶, 𝜷) consisting of the functions 𝒈(𝒛) = 𝒛 +
∑ 𝒃𝒏𝒛𝒏∞

𝒏ୀ𝟐 ∈ 𝓐   with satisfying the condition 

 

 

𝜶 ቂ
𝒛𝒇ᇲᇲ(𝒛)

𝒇ᇲ(𝒛)
ቃ + 𝜷 ቂ

𝒛𝒇ᇲ(𝒛)

{𝒛𝒇(𝒛)}ᇲቃ ≺ ቀ
𝟏ା𝒛

𝟏ି𝒛
ቁ

ఋ
  ;     𝛿 > 0                                                                     (8)  
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Let 𝓐(𝜶, 𝜷; 𝑨, 𝑩, 𝜹)denotes the subclass of  𝓐(𝜶, 𝜷) consisting of the functions 𝒈(𝒛) = 𝒛 +

∑ 𝒃𝒏𝒛𝒏∞
𝒏ୀ𝟐 ∈ 𝓐 with satisfying the condition 

𝜶 ቂ
𝒛𝒇ᇲᇲ(𝒛)

𝒇ᇲ(𝒛)
ቃ + 𝜷 ቂ

𝒛𝒇ᇲ(𝒛)

{𝒛𝒇(𝒛)}ᇲቃ ≺ ቀ
𝟏ା𝐀𝐳

𝟏ା𝐁𝐳
ቁ

ఋ
− 𝟏 ≤ 𝑩 ≤ 𝑨 ≤ 𝟏 , 𝛿 > 0                                       (9) 

Here, Symbol ≺ stands for subordination.

 

Principle of Subordination : If  𝒇(𝒛) and 𝑭(𝒛) are two functions which are analytic in 𝔼, then 
𝒇(𝒛) is called a subordinate to 𝑭(𝒛) in 𝔼, if there exists a function 𝒘(𝒛) which is analytic in 𝔼 
satisfying the conditions  

  (i) 𝒘(𝟎) = 𝟎             and        (ii) |𝒘(𝒛)| < 1 

such that 𝒇(𝒛) = 𝑭൫𝒘(𝒛)൯ , where 𝒛 𝔼  and we denote it as 𝒇(𝒛)  ≺ 𝑭(𝒛). 

 Let 𝒰 denote the class of analytic bounded functions of the form   

𝒘(𝒛) =  ∑ 𝒅𝒏𝒛𝒏∞
𝒏ୀ𝟏 , 𝒘(𝟎) = 𝟎, |𝒘(𝒛)| < 1     

Having the restrictions|𝒅𝟏| ≤  𝟏, |𝒅𝟐| ≤ 𝟏 − |𝒅𝟏|𝟐.  

 

2. Main Results : 

THEOREM 1. :    Prove that 

|𝑎ଷ − µ𝑎ଶ
ଶ| ≤  

⎩
⎪⎪
⎨

⎪⎪
⎧

4𝛼 + 𝛽 + 2

(4𝛼 + 𝛽)(3𝛼 + 𝛽)
−

4𝜇

(4𝛼 + 𝛽)ଶ
           , 𝑖𝑓µ ≤

(4𝛼 + 𝛽)

2(3𝛼 + 𝛽)
                                           (10)

1

3𝛼 + 𝛽
     , 𝑖𝑓

4𝛼 + 𝛽

2(3𝛼 + 𝛽)
≤ µ ≤

(4𝛼 + 𝛽 + 1)(4𝛼 + 𝛽)

2(3𝛼 + 𝛽)
                                             (11)

4𝜇

(4𝛼 + 𝛽)ଶ
−

(4𝛼 + 𝛽 + 2)

(4𝛼 + 𝛽)(3𝛼 + 𝛽)
          , 𝑖𝑓µ ≥

(4𝛼 + 𝛽 + 1)(4𝛼 + 𝛽)

2(3𝛼 + 𝛽)
                      (12)

 

And the results aresharp. 

Proof:          

On Expanding  (6) we have  

𝛽 + (4𝑎ଶ𝛼 + 𝑎ଶ𝛽)𝑧 + (6𝑎ଷ𝛼 + 2𝑎ଷ𝛽 − 4𝑎ଶ
ଶ𝛼 − 𝑎ଶ

ଶ𝛽)𝑧ଶ ≺ 1 + 2𝑐ଵ𝑧 + 2(𝑐ଶ + 𝑐ଵ
ଶ)𝑧ଶ +....(13) 

After identifying the terms in  (13), we have 

|𝑎ଷ − µ𝑎ଶ
ଶ|   ≤ ቚ

ଵ

(ଷఈାఉ)
ቄ𝑐ଶ +  𝑐ଵ

ଶ +  
ଶୡభ

మ

ସ஑ାஒ
ቅ − 𝜇

ସୡభ
మ

(ସఈାఉ)మቚ 

 

 

This leads to  
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|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

ଵ

(ଷఈାఉ)
+ ቂቚ

ସఈାఉାଶ

(ସఈାఉ)(ଷఈାఉ)
−

ସఓ

(ସఈାఉ)మቚ   −  
ଵ

(ଷఈାఉ)
ቃ |𝑐ଵ|ଶ                                      (14) 

Case I :If ,   ≤
(ସఈାఉାଶ)(ସఈାఉ)

ସ(ଷఈାఉ)
,then 

|𝑎ଷ − µ𝑎ଶ
ଶ|   ≤ 

ଵ

(ଷఈାఉ)
+  ቂ

ଶ

(ସఈାఉ)(ଷఈାఉ)
−

ସఓ

(ସఈାఉ)మቃ |cଵ|ଶ                                                     (15) 

Subcase I(a) : If,   ≤  
ସఈାఉ

ଶ(ଷఈାఉ)
,then 

|𝑎ଷ − µ𝑎ଶ
ଶ|   ≤ 

ସఈାఉାଶ

(ସఈାఉ)(ଷఈାఉ)
−

ସఓ

(ସఈାఉ)మ                                                                                                                               (16) 

Subcase I(b) :  If ,   ≥  
ସఈାఉ

ଶ(ଷఈାఉ)
,then  

|𝑎ଷ − µ𝑎ଶ
ଶ|   ≤ 

ଵ

(ଷఈାఉ)
                                                                                                                                                                           (17) 

Case II : If ,   ≥
(ସఈାఉାଶ)(ସఈାఉ)

ସ(ଷఈାఉ)
,then 

|𝑎ଷ − µ𝑎ଶ
ଶ| ≤ 

ଵ

 (ଷఈାఉ)
+ ቄ

ସఓ

(ସఈାఉ)మ −
଼ఈାఉାଶ

(ସఈାఉ)(ଷఈାఉ)
ቅ                                                                                                       (18) 

Subcase II(a) :  If ,   ≤
(ସఈାఉାଵ)(ସఈାఉ)

𝟐(ଷఈାఉ)
,then  

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

ଵ

(ଷఈାఉ)
                                                                                                                                                                            (19) 

Subcase II(b) :  If ,   ≥
(ସఈାఉାଵ)(ସఈାఉ)

𝟐(ଷఈାఉ)
,then 

|𝑎ଷ − µ𝑎ଶ
ଶ| ≤ 

ସఓ

(ସఈାఉ)మ −
ସఈାఉାଶ

(ସఈାఉ)(ଷఈାఉ)   
                                                                                                 (20) 

  Subcase II(a) and I(b) gives the common result. 

|𝑎ଷ − µ𝑎ଶ
ଶ| ≤ 

ଵ

 (ଷఈାఉ)
                                                                                                                                  (21) 

 Under the restriction    

4𝛼 + 𝛽

2(3𝛼 + 𝛽)
  ≤ μ ≤

(4𝛼 + 𝛽 + 1)(4𝛼 + 𝛽)

𝟐(3𝛼 + 𝛽)
 

this complets the theorem, hence the results are sharp. 

Extremal function  

Extreme value for first and third function is 𝑧{1 + p𝑧}୕                                                           (22) 
 

where   P =
ଶ(ଷఈାఉ)ି(ସఈାఉ)(ସఈାఉାଶ)

(ସఈାఉ)(ଷఈାఉ)
    ,     Q =  ଶ(ଷఈାఉ)

ଶ(ଷఈାఉ)ି(ସఈାఉ)(ସఈାఉାଶ)
   

Extreme value for second  function is  
௭

(ଵି௭మ)
భ

(యഀశഁ)

                                                                     (23)
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THEOREM 2. :    Prove that 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤  

⎩
⎪
⎨

⎪
⎧

(஺ି஻)

ଶ(ଷఈାఉ)
ቂ

஺ି஻ି஻(ସఈାఉ)

(ସఈାఉ)
ቃ −

(஺ି஻)మఓ

(ସఈାఉ)మ  , 𝑖𝑓µ ≤ ቂ
(஺ି஻)ି஻(ସఈାఉ)ିସఈିఉ

ଶ(஺ି஻)(ଷఈାఉ)
ቃ (4𝛼 + 𝛽)                                    (24)                                              

஺ି஻

ଷఈାఉ
 , 𝑖𝑓

(ସఈାఉ)[(஺ି஻)ି஻(ସఈାఉ)ିସఈିఉ]

ଶ(ଷఈାఉ)(஺ି஻)
≤ µ ≤

(ସఈାఉ)[(஺ି஻)ି஻(ସఈାఉ)ାସఈାఉ]

ଶ(ଷఈାఉ)(஺ି஻)
                                            (25)                                             

(஺ି஻)మఓ

(ସఈାఉ)మ − ቂ
஺ି஻ି஻(ସఈାఉ)

(ସఈାఉ)
ቃ (𝐴 − 𝐵)     , 𝑖𝑓µ ≥

(ସఈାఉାଵ)(ସఈାఉ)

ଶ(ଷఈାఉ)
                                                   (26)                                    

and the results are sharp. 

Proof: 

On Expanding  (7) we have  

𝛽 + (4𝑎ଶ𝛼 + 𝑎ଶ𝛽)𝑧 + (6𝑎ଷ𝛼 + 2𝑎ଷ𝛽 − 4𝑎ଶ
ଶ𝛼 − 𝑎ଶ

ଶ𝛽)𝑧ଶ ≺  1 +(𝐴 − 𝐵)𝑐1𝑧 + (𝐴 − 𝐵)(𝑐2 −

𝐵𝑐1
2)𝑧2 +….                                                                                                                                          (27) 

After identifying the terms in  (27), we have 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ቂቚ

(஺ି஻)(௖మି஻௖భ
మ)

ଶ(ଷఈାఉ)
+

(஺ି஻)మ௖భ
మ

ଶ(ସఈାఉ)(ଷఈାఉ)
−

(஺ି஻)మఓ

(ସఈାఉ)మ 𝑐ଵ
ଶቚቃ 

This leads to                                 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

஺ି஻

ଶ(ଷఈାఉ)
+ ቂቚ

(஺ି஻)మ

ଶ(ସఈାఉ)(ଷఈାఉ)
−

஻(஺ି஻)

ଶ(ଷఈାఉ)
−

(஺ି஻)మఓ

(ସఈାఉ)మቚ   −  
஺ି஻

ଶ(ଷఈାఉ)
ቃ |𝑐ଵ|ଶ

                        (28) 

Case I : If ,   ≤ ቂ
(𝐴−𝐵)−𝐵(4𝛼+𝛽)

2(𝐴−𝐵)(3𝛼+𝛽)
ቃ (4𝛼 + 𝛽),then 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

஺ି஻

(ଷఈାఉ)
 + 

(஺ି஻)

ଶ(ଷఈାఉ)
ቂ

(஺ି஻)ି஻(ସఈାఉ)ିସఈିఉ

(ସఈାఉ)
ቃ − (஺ି஻)మఓ    

(ସఈାఉ)మ                                                                 (29) 

Subcase I(a) :  If ,   ≤  ቂ
(஺ି஻)ି஻(ସఈାఉ)ିସఈିఉ

ଶ(஺ି஻)(ଷఈାఉ)
ቃ (4𝛼 + 𝛽), then 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

஺ି஻

ଶ(ଷఈାఉ)
ቂ

(𝐴−𝐵)−𝐵(4𝛼+𝛽)

(4𝛼+𝛽)
ቃ −

(𝐴−𝐵)2𝜇

(4𝛼+𝛽)2                                                                                                 (30) 

Subcase I(b) :  If ,   ≥  ቂ
(஺ି஻)ି஻(ସఈାఉ)ିସఈିఉ

ଶ(஺ି஻)(ଷఈାఉ)
ቃ (4𝛼 + 𝛽),then 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

஺ି஻

(ଷఈାఉ)
                                                                                                                                      (31) 

Case II : If,   ≥ ቂ
(𝐴−𝐵)−𝐵(4𝛼+𝛽)

2(𝐴−𝐵)(3𝛼+𝛽)
ቃ (4𝛼 + 𝛽),then 

 

|𝑎ଷ − µ𝑎ଶ
ଶ| ≤ 

஺ି஻

ଶ(ଷఈାఉ)
+  

(஺ି஻)మఓ

(ସఈାఉ)మ −
𝐴−𝐵

   2൫3𝛼+𝛽൯
ቄ

(஺ି஻)ି஻(ସఈାఉ)ାସఈାఉ

(ସఈାఉ)
ቅ                               (32) 

Subcase II(a) :  If ,   ≤  ቂ
(஺ି஻)ି஻(ସఈାఉ)ାସఈାఉ

ଶ(஺ି஻)(ଷఈାఉ)
ቃ (4𝛼 + 𝛽),then 
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    |𝑎ଷ − µ𝑎ଶ
ଶ| ≤  

஺ି஻

(ଷఈାఉ)
                                                                                                                               (33) 

Subcase II(b) :  If ,   ≥ ቂ
(஺ି஻)ି஻(ସఈାఉ)ାସఈାఉ

ଶ(஺ି஻)(ଷఈାఉ)
ቃ (4𝛼 + 𝛽),then 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

(஺ି஻)మఓ

(ସఈାఉ)మ − ቂ
(஺ି஻)ି஻(ସఈାఉ)

ଶ(ଷఈାఉ)(ସఈାఉ)
ቃ (𝐴 − 𝐵)                                                                                                  (34) 

Subcase II(a) and I(b) gives the common result. 

    |𝑎ଷ − µ𝑎ଶ
ଶ|  ≤  

஺ି஻

(ଷఈାఉ)
                                                                                                                             (35) 

Under the restriction  

(4𝛼 + 𝛽)[(𝐴 − 𝐵) − 𝐵(4𝛼 + 𝛽) − 4𝛼 − 𝛽]

2(3𝛼 + 𝛽)(𝐴 − 𝐵)
≤ µ ≤

(4𝛼 + 𝛽)[(𝐴 − 𝐵) − 𝐵(4𝛼 + 𝛽) + 4𝛼 + 𝛽]

2(3𝛼 + 𝛽)(𝐴 − 𝐵)
 

thiscomplets the theorem, hence the results are sharp. 

Extremal function  

Extreme value for first and third function is   𝑧{1 + p𝑧}௤                                                    (36) 

  

where   p =  
(஺ି஻)(ଷఈାఉ)ି(஺ି஻) (ସఈାఉ)ା୆(ସఈାఉ)మ

(ସఈାఉ)(ଷఈାఉ)  

                          q =  
(஺ି஻)(ଷఈାఉ)

 (஺ି஻)(ଷఈାఉ)ି(஺ି஻) (ସఈାఉ)ା୆(ସఈାఉ)మ     ,    

Extreme value for second  function is  
௭

(ଵି௭మ)

𝐴−𝐵
  2൫3𝛼+𝛽൯

                                                                 (37) 

Singularities: 

Special  cases (35)when  A≠B 

i) If  A> 0 , 𝐵 > 0 then this inequality is holds only for A>B. 

ii) If  A> 0 , 𝐵 < 0 then this inequality is holds for all values of A and B. 

iii)If  A< 0 , 𝐵 < 0  then this inequality is holds only for B>A. 

iv) If  A< 0 , 𝐵 > 0 then this case does not valid 

 

 

THEOREM 3. :    Prove that 

 |𝑎ଷ − µ𝑎ଶ
ଶ| ≤  
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⎩
⎪
⎨

⎪
⎧

(ସఈାఉାଶ)ఋమ

(ସఈାఉ)(ଷఈାఉ)
−

ସఓఋమ

(ସఈାఉ)మ        , 𝑖𝑓µ ≤
{ఋ(ସఈାఉାଶ)ିସఈିఉ}(ସఈାఉ)

ସẟ(ଷఈାఉ)
                                                (38)                                    

ఋ

ଷఈାఉ
 , 𝑖𝑓

{ఋ(ସఈାఉାଶ)ିସఈିఉ}(ସఈାఉ)

ସẟ(ଷఈାఉ)
≤ µ ≤

{ఋ(ସఈାఉାଶ)ାସఈାఉ}(ସఈାఉ)

ସẟ(ଷఈାఉ)
                                           (39)                                     

ସఓఋమ

(ସఈାఉ)మ −
(ସఈାఉାଶ)ఋమ

(ସఈାఉ)(ଷఈାఉ)
     , 𝑖𝑓µ ≥

{ఋ(ସఈାఉାଶ)ାସఈାఉ}(ସఈାఉ)

ସఋ(ଷఈାఉ)
                                        (40)                                    

and the results are  sharp. 

Proof: 

On Expanding  (8) we have  

𝛽 + (4𝑎ଶ𝛼 + 𝑎ଶ𝛽)𝑧 + (6𝑎ଷ𝛼 + 2𝑎ଷ𝛽 − 4𝑎ଶ
ଶ𝛼 − 𝑎ଶ

ଶ𝛽)𝑧ଶ ≺1 + 2𝛿𝑐ଵ𝑧 + 2𝛿(𝑐ଶ + 𝛿𝑐ଵ
ଶ)𝑧ଶ +... 

                 (41) 

After identifying the terms in  (41), we have 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ቚ

ଵ

(ଷఈାఉ)
ቄ𝛿𝑐ଶ +  𝛿2𝑐ଵ

ଶ +  
ଶ𝛿2ୡభ

మ

ସ஑ାஒ
ቅ − 𝜇

ସ𝛿2ୡభ
మ

(ସఈାఉ)మቚ 

 This leads to                                 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

ఋ

(ଷఈାఉ)
+ ቂቚ

(ସఈାఉାଶ)ఋమ

(ସఈାఉ)
−

ସఋమఓ

(ସఈାఉ)మቚ   − 
ఋ

(ଷఈାఉ)
ቃ |𝑐ଵ|ଶ

                             (42) 

Case I :If ,   ≤
(ସఈାఉାଶ)(ସఈାఉ)

ସ(3𝛼+𝛽)
,then 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

𝛿

(ଷఈାఉ)
+  ቂ

(4𝛼+𝛽+2)𝛿2

(3𝛼+𝛽)(4𝛼+𝛽)
−

𝛿

(ଷఈାఉ)
−

ସ𝛿2ఓ

(ସఈାఉ)మቃ |𝑐ଵ|ଶ
                                       (43) 

Subcase I(a) :  If ,   ≤  
{𝛿(4𝛼+𝛽+2)−4𝛼−𝛽}(4𝛼+𝛽)

4𝛿(3𝛼+𝛽)
,then 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ቂ

(4𝛼+𝛽+2)𝛿2

(4𝛼+𝛽)
−

ସ𝛿2ఓ

(ସఈାఉ)మቃ                                                                                                         (44) 

Subcase I(b) :  If ,   ≥  
{𝛿(4𝛼+𝛽+2)−4𝛼−𝛽}(4𝛼+𝛽)

4𝛿(3𝛼+𝛽)
,then 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

𝛿

( ଷఈାఉ)
                                                                                                                                           (45) 

Case II:If , ≥
(ସఈାఉାଶ)(ସఈାఉ)

ସ(3𝛼+𝛽)
,then 

 

 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

𝛿

 (ଷఈାఉ)
+  ቂ

ସ𝛿2ఓ

(ସఈାఉ)మ
−

𝛿{𝛿(4𝛼+𝛽+2)+4𝛼+𝛽}

4(3𝛼+𝛽)(4𝛼+𝛽)
ቃ |𝑐ଵ|ଶ

                                           (46) 

Subcase II(a) :  If ,   ≤  
{ఋ(ସఈାఉାଶ)ାସఈାఉ}(ସఈାఉ)

ସఋ(ଷఈାఉ)
,then 
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|𝑎ଷ − µ𝑎ଶ
ଶ|    ≤ 

𝛿

(ଷఈାఉ)
                                                                                                                                   (47) 

Subcase II(b) :  If,   ≥
{𝛿(4𝛼+𝛽+2)+4𝛼+𝛽}(4𝛼+𝛽)

4𝛿(3𝛼+𝛽)
,then 

|𝑎ଷ − µ𝑎ଶ
ଶ|    ≤ 

ସ𝛿2ఓ

(ସఈାఉ)మ
−

(4𝛼+𝛽+2)𝛿2

(4𝛼+𝛽)(3𝛼+𝛽)
                                                                                                                            (48) 

 Subcase II(a) and I(b) give the common result. 

   |𝑎ଷ − µ𝑎ଶ
ଶ| ≤ 

ఋ

(ଷఈାఉ)  
                                                                                                                                                   (49) 

 Under the restriction  

{𝛿(4𝛼 + 𝛽 + 2) − 4𝛼 − 𝛽}(4𝛼 + 𝛽)

4𝛿(3𝛼 + 𝛽)
≤ µ ≤

{𝛿(4𝛼 + 𝛽 + 2) + 4𝛼 + 𝛽}(4𝛼 + 𝛽)

4𝛿(3𝛼 + 𝛽)
 

Thiscomplets the theorem, hence the results are sharp. 

Extremal function  

Extreme value for first and third function is 𝑧{1 + p𝑧}୕                                                         (50) 
 

where   P =
ଶఋ(ଷఈାఉ)ିఋ(ସఈାఉ)(ସఈାఉାଶ)

(ସఈାఉ)(ଷఈାఉ)
    ,     Q =  ଶఋ(ଷఈାఉ)

ଶఋ(ଷఈାఉ)ିఋ(ସఈାఉ)(ସఈାఉାଶ)
   

Extreme value for second  function  

is   
௭

(ଵି௭మ)
ഃ

(యഀశഁ)

                                                                                                                            (51) 

Singularities:  

Special  cases for (49) 

1. If 𝛿 > 0 then the result is hold for all values of 𝛿. 

2. If 𝛿 < 0then the result is not valid. 

Hence only (1) case is applicable on this theorem. 

THEOREM 4. :    Prove that 

|𝑎ଷ − µ𝑎ଶ
ଶ| ≤  

⎩
⎪
⎨

⎪
⎧

(𝐴−𝐵)𝛿

2(3𝛼+𝛽)
ቂ

(𝐴−𝐵)𝛿−𝐵(4𝛼+𝛽)

(4𝛼+𝛽)
ቃ −

(𝐴−𝐵)2𝛿
2

𝜇

(4𝛼+𝛽)2   , 𝑖𝑓µ ≤ ቂ
(𝐴−𝐵)𝛿−𝐵(4𝛼+𝛽)−4𝛼−𝛽

2𝛿(𝐴−𝐵)(3𝛼+𝛽)
ቃ (4𝛼 + 𝛽)                     (52)                                         

(𝐴−𝐵)𝛿

2(3𝛼+𝛽)
 , 𝑖𝑓

(4𝛼+𝛽)[(𝐴−𝐵)𝛿−𝐵(4𝛼+𝛽)−4𝛼−𝛽]

2𝛿(3𝛼+𝛽)(𝐴−𝐵)
≤ µ ≤

(4𝛼+𝛽)[(𝐴−𝐵)𝛿−𝐵(4𝛼+𝛽)+4𝛼+𝛽]

2𝛿(3𝛼+𝛽)(𝐴−𝐵)
                              (53)                                         

(𝐴−𝐵)2𝛿
2

𝜇

(4𝛼+𝛽)2 − ቂ
(𝐴−𝐵)𝛿−𝐵(4𝛼+𝛽)

2(3𝛼+𝛽)(4𝛼+𝛽)
ቃ (𝐴 − 𝐵)𝛿  , 𝑖𝑓µ ≥

(4𝛼+𝛽)[(𝐴−𝐵)𝛿−𝐵(4𝛼+𝛽)+4𝛼+𝛽]

2𝛿(3𝛼+𝛽)(𝐴−𝐵)
               (54)                                    

andthe results are    sharp. 

Proof: 
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On Expanding  (9) we have  

𝛽 + (4𝑎ଶ𝛼 + 𝑎ଶ𝛽)𝑧 + (6𝑎ଷ𝛼 + 2𝑎ଷ𝛽 − 4𝑎ଶ
ଶ𝛼 − 𝑎ଶ

ଶ𝛽)𝑧ଶ ≺  1 +(𝐴 − 𝐵)𝑐ଵ𝛿𝑧 + (𝐴 − 𝐵)𝛿(𝑐ଶ −

𝐵𝛿𝑐ଵ
ଶ)𝑧ଶ +….                                                                                                                                          (55) 

After identifying the terms in  (55), we have 

|𝑎ଷ − µ𝑎ଶ
ଶ|   ≤ ቂቚ

(஺ି஻)ఋ

ଶ(ଷఈାఉ)
+ ቄ𝑐ଶ − 𝐵𝛿𝑐ଵ

ଶ +
(஺ି஻)మఋమ௖భ

మ

ଶ(ସఈାఉ)(ଷఈାఉ)
ቅ − −

(஺ି஻)మఓఋమ

(ସఈାఉ)మ 𝑐ଵ
ଶቚቃ 

This leads to                                 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

(஺ି஻)ఋ

ଶ(ଷఈାఉ)
+ ቂቚ

(஺ି஻)మఋమ

ଶ(ସఈାఉ)(ଷఈାఉ)
−

஻(஺ି஻)ఋ

ଶ(ଷఈାఉ)
−

(஺ି஻)మఋమఓ

(ସఈାఉ)మ ቚ −  
(஺ି஻)ఋ

ଶ(ଷఈାఉ)
ቃ |𝑐ଵ|ଶ

                          (56) 

Case I :If ,   ≤ ቂ
(஺ି஻)ఋି஻(ସఈାఉ)

ଶఋ(஺ି஻)(ଷఈାఉ)
ቃ (4𝛼 + 𝛽),then 

|𝑎ଷ − µ𝑎ଶ
ଶ|   ≤ 

(஺ି஻)ఋ

 (ଷఈାఉ)
 +   

(஺ି஻)ఋ

ଶ(ଷఈାఉ)
ቂ

(஺ି஻)ఋି஻(ସఈାఉ)ିସఈିఉ

(ସఈାఉ)
ቃ −

(஺ି஻)మఋమఓ

(ସఈାఉ)మ                                                                   (57) 

Subcase I(a) :  If ,   ≤  ቂ
(஺ି஻)ఋି஻(ସఈାఉ)ିସఈିఉ

ଶఋ(஺ି஻)(ଷఈାఉ)
ቃ (4𝛼 + 𝛽),then 

|𝑎ଷ − µ𝑎ଶ
ଶ  |≤ 

(஺ି஻)ఋ

ଶ(ଷఈାఉ)
ቂ

(஺ି஻)ఋି஻(ସఈାఉ)

(ସఈାఉ)
ቃ −

(஺ି஻)మ ఋమఓ            

(ସఈାఉ)మ                                                                                          (58) 

Subcase I(b) :  If ,   ≥  ቂ
(஺ି஻)ఋି஻(ସఈାఉ)ିସఈିఉ

ଶఋ(஺ି஻)(ଷఈାఉ)
ቃ (4𝛼 + 𝛽),then 

|𝑎ଷ − µ𝑎ଶ
ଶ|   ≤  

(஺ି஻)ఋ

     ଶ   (ଷఈାఉ)
                                                                                                                                                                         (59) 

Case II:  If , ≥ ቂ
(஺ି஻)ఋି஻(ସఈାఉ)

ଶఋ(஺ି஻)(ଷఈାఉ)
ቃ (4𝛼 + 𝛽),then 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

(஺ି஻)ఋ

ଶ(ଷఈାఉ)
+  

(஺ି஻)మఋమఓ

(ସఈାఉ)మ −
(஺ି஻)ఋ

    ଶ(ଷఈାఉ)
ቄ

(஺ି஻)ఋି஻(ସఈାఉ)ାସఈାఉ

(ସఈାఉ)
ቅ                                        (60) 

Subcase II(a) :  If ,   ≤  ቂ
(஺ି஻)ఋି஻(ସఈାఉ)ାସఈାఉ

ଶఋ(஺ି஻)(ଷఈାఉ)
ቃ (4𝛼 + 𝛽),then 

    |𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

(஺ି஻)ఋ

   ଶ(ଷఈାఉ)
                                                                                                                                                                         (61) 

 

 

 

Subcase II(b) :  If ,   ≥ ቂ
(஺ି஻)ఋି஻(ସఈାఉ)ାସఈାఉ

ଶఋ(஺ି஻)(ଷఈାఉ)
ቃ (4𝛼 + 𝛽),then 

|𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

(஺ି஻)మఋమఓ

(ସఈାఉ)మ −
(஺ି஻)ఋ

    ଶ(ଷఈାఉ)
ቂ

(஺ି஻)ఋି஻(ସఈାఉ)

(ସఈାఉ)
ቃ                                                                                     (62) 

subcase II(a) and  I(b) give the common result. 

    |𝑎ଷ − µ𝑎ଶ
ଶ|  ≤ 

(஺ି஻)ఋ

   ଶ(ଷఈାఉ)
                                                                                                                                                              (63) 

ISSN NO : 1869-9391

PAGE NO: 574

GIS SCIENCE JOURNAL

VOLUME 8, ISSUE 6, 2021



Under the restriction  

(4𝛼 + 𝛽)ൣ(𝐴 − 𝐵)𝛿 − 𝐵(4𝛼 + 𝛽) − 4𝛼 − 𝛽൧

2𝛿(3𝛼 + 𝛽)(𝐴 − 𝐵)
≤ µ ≤

(4𝛼 + 𝛽)ൣ(𝐴 − 𝐵)𝛿 − 𝐵(4𝛼 + 𝛽) + 4𝛼 + 𝛽൧

2𝛿(3𝛼 + 𝛽)(𝐴 − 𝐵)
 

Thiscomplets the theorem, hence the results are sharp. 

Extremal function  

Extreme value for first and third function is   𝑧{1 + p𝑧}௤                                                     (64) 

  

where   p =  
(஺ି஻)ఋ(ଷఈାఉ)ି(஺ି஻)ఋ (ସఈାఉ)ା୆(ସఈାఉ)మ

(ସఈାఉ)(ଷఈାఉ)  

                          q =  
(஺ି஻)ఋ(ଷఈାఉ)

 (஺ି஻)ఋ(ଷఈାఉ)ି(஺ି஻) ఋ(ସఈାఉ)ା୆(ସఈାఉ)మ      ,  

Extreme value for second  function is  
௭

(ଵି௭మ)

(ಲషಳ)ഃ

  2൫3𝛼+𝛽൯

                                                              (65) 

Singularities:  

Special  casesfor   (63) when  A≠B 

i) In the case of   A> 0 , 𝐵 > 0 ,𝛿 > 0  or A< 0 , 𝐵 < 0 , 𝛿 < 0 then ,this inequality holds good  only for 
A>B. 

ii) ) In the case of A> 0 , 𝐵 > 0 ,𝛿 < 0 or A< 0 , 𝐵 < 0 , 𝛿 > 0then, this inequality holds good only for B 
>A. 

iii) ) In the case of  A> 0 , 𝐵 < 0 , 𝛿 < 0 or A< 0 , 𝐵 > 0, 𝛿 > 0  then, this inequality does not hold for 
all values of A and B. 

iv) ) In the case of  A> 0 , 𝐵 < 0 , 𝛿 > 0 then, this inequality holds good  for all values of A and B. 

3. Concluding Remarks  

If we take  A = 1 and B = -1 in the result of theorem 2 , we get  the result of  theorem 1, 
therefore our result for the theorem 2 reduces to the result of the theorem1. Hence theorem 2 is 
the generalization of theorem 1. And the results are sharp and also if we put A = 1 and B = -1 in 
extremal function of theorem 2, we get the extremal function of theorem 1.  

 

Similarly if we take  A = 1 and B = -1in the result of theorem 4 , we get  the result of  theorem 3, 
therefore our result for the theorem 4 reduces to the result of the theorem 3. Hence theorem 4 is 
the generalization of theorem 3. And the results are sharp and also if we put A = 1 and B = -1 in 
extremal function of theorem 4, we get the extremal function of theorem 3.  

The extremal function given by  [(50) and (51)]  increases as  𝛿 increases and decreases as 𝛿 
decreases respectively and the extremal function given by   [ (64) and (65)] also increases and 
decreases as 𝛿 increases and decreases respectively. Hence extremal function is an increasing 
function. 
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